Introduction {#Sec1}
============

As quantum computers continue to evolve significantly^[@CR1]--[@CR18]^, there arises a fundamental need for a communication network that provides unconditionally secure communication and all the network functions of the traditional internet. This novel network structure is called the quantum Internet^[@CR19]--[@CR43]^, a quantum communication network^[@CR20]--[@CR23],[@CR25],[@CR27],[@CR31]--[@CR36],[@CR38]--[@CR42],[@CR44]--[@CR57]^ in which the nodes are represented by quantum devices (such as quantum repeaters^[@CR28],[@CR29],[@CR43],[@CR49],[@CR58],[@CR77]--[@CR82]^ or quantum computers^[@CR1]--[@CR5],\ [@CR83]--[@CR86]^), while the connections among the nodes are formulated via quantum entanglement. An entangled connection refers to a shared entangled quantum system among the quantum nodes^[@CR19],[@CR20],[@CR87],[@CR88]--[@CR111]^. Therefore, quantum entanglement is the key to any global-scale quantum Internet. Due to the fundamentally different processes and procedures associated with communication in the quantum Internet, the dynamic nature of these networks is also fundamentally different from a traditional network^[@CR77]--[@CR81],[@CR112]--[@CR124]^. The dynamics^[@CR125]--[@CR127]^ involve the behavior of the network structure, which fluctuates along with the stability and reliability of the communication processes within the entangled structures. Quantifying the dynamics of the entangled structures allows us to determine the conditions for the development of stable quantum communications in strongly fluctuating and noisy environments, as well as to derive the basis for reliable and stable quantum communications in a global-scale quantum Internet^[@CR21],[@CR23],[@CR25],[@CR28],[@CR48]--[@CR50]^ setting. The quantum Internet is not yet available for experimentation, however, it must be ready for use as quantum computers become publicly available. Therefore, derivation of the fundamental dynamical attributes and behavioral characteristics of the entangled structures of the quantum Internet is fundamentally important and represents an emerging issue. While in a classical Internet a TCP/IP dynamics serves as an analytical tool to model the transmission, in a quantum Internet setting a dynamics model that characterizes the transmission of quantum states (density matrices) over the quantum channels is not available. A fundamental difference between the two settings, that in a quantum Internet the communication between distant points is realized over quantum channels (i.e., via CPTP---completely positive trace preserving---maps in a mathematical formalism), while the transmitted systems are entangled density matrices (assuming a general quantum Internet scenario). The correlation measure functions are also different in a quantum Internet setting, due to the fundamental nature of a classical communication channel and a quantum channel^[@CR128]^.

Here, we develop an analytical model to quantify the dynamics of entangled network structures and entanglement flow in the quantum Internet. The analytical solutions of the model determine the equilibrium states of entangled quantum networks and characterize their stability and fluctuation attributes and the dynamics of entanglement flow within entangled network structures. Our work provides fundamental definitions and terms and proves fundamental theorems that quantify the dynamics of the entangled quantum networks of the quantum Internet. The proposed results are independent of the actual physical implementations; therefore, they can be applied within the heterogeneous structures of a global-scale quantum Internet.

To quantify the dynamic attributes of entangled structures of the quantum Internet, the analytical model defines a $\documentclass[12pt]{minimal}
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                \begin{document}$${{\Psi }_{{{{{\mathscr {F}}}}_{N}}}}$$\end{document}$ stability function motivated by the free energy thermodynamical potential function in thermondynamics^[@CR129]--[@CR131]^ and statistical physics^[@CR132]--[@CR135]^ (The free energy thermodynamical potential function $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi = E-TS$$\end{document}$, where *E* is the energy, *T* is an absolute temperature, while *S* is the entropy. The free energy thermodynamical potential function can also be interpreted as Gibbs free energy if *E* is interpreted as enthalpy^[@CR135]^ (chemical reactions at constant pressure.) The concept of stability function $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi$$\end{document}$ is therefore essentially roots in the Le Chatelier principle^[@CR136],[@CR137]^ in a chemical equilibrium. The Le Chatelier principle says that chemical equilibrium occurs at minimum Gibbs energy of the reactants and the products and disturbance of the mix would result in restoration of the equilibrium in a way that cancels the perturbation.). In the developed model, the stability function determines the $\documentclass[12pt]{minimal}
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                \begin{document}$${{{{\mathscr {S}}}}^{*}}\left( N \right)$$\end{document}$ equilibrium state of the entangled structure. A $\documentclass[12pt]{minimal}
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                \begin{document}$${{{\mathscr {S}}}^{*}}\left( N \right)$$\end{document}$ stable equilibrium state of the entangled quantum network *N* is stable if heavy fluctuations in the network have zero effect on the entanglement flow $\documentclass[12pt]{minimal}
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                \begin{document}$${{\Psi }_{{{{\mathscr {F}}}_{N}}}}$$\end{document}$ is in a global minima, then the entangled structure is in a stable equilibrium state $\documentclass[12pt]{minimal}
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                \begin{document}$${{{\mathscr {S}}}^{*}}\left( N \right)$$\end{document}$. The determination of the stable equilibrium states of an entangled structure is fundamental to any seamless communication in a global-scale quantum Internet. The seamless quantum communication refers to a stable (reliable) transmission without fluctuations (the fluctuation does not exceed a critical limit). In a stable network state, the $\documentclass[12pt]{minimal}
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                \begin{document}$${{R}_{x,y}}\left( {{t}_{0}},t \right)$$\end{document}$ probability of non-erroneous information transmission between nodes and at moment is above a critical bound $\documentclass[12pt]{minimal}
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                \begin{document}$${{R}_{x,y}}\left( {{t}_{0}},t \right) >{{C}^{*}}$$\end{document}$, given that at moment $\documentclass[12pt]{minimal}
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                \begin{document}$${{t}_{0}}$$\end{document}$ the communication is correct. The entanglement flow is considered seamless optimal if it is seamless and if the entanglement rate exceeds a critical lower bound set for the entangled connections. We quantify the stability function for various entangled structures. The reliability of quantum communication is analyzed via the stability function of the entangled quantum network, since the stability of the entangled structure implies the reliability of quantum communication within the network.

Depending on the entanglement transmission rate of the entangled connections, the global quantum network can be decomposed into weakly and strongly entangled subnetworks. In a weakly entangled structure, the entanglement rate of the entangled connections is below a critical limit, while in a strongly entangled structure, the entanglement rate of the entangled connections exceeds this limit. As we prove, these structures are characterized by fundamentally different dynamic attributes and stability properties.

Entanglement purification is a cornerstone of the entangled networks of the quantum Internet^[@CR21],[@CR23],[@CR25],[@CR28],[@CR48],[@CR56],[@CR138]--[@CR140]^. Entanglement purification is a process that allows us to improve the entanglement fidelity of entangled states. It is a high-cost procedure since it requires the transmission of several quantum systems between the nodes to improve the final fidelity. Similar to the fundamental dynamic attributes of the quantum Internet, the dynamic effects of entanglement purification on an entangled structure remain unknown. We reveal the effects of entanglement purification on a large quantum network and show that the application of entanglement purification in a separated manner does not improve the capabilities of the quantum network.
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                \begin{document}$${{{\mathscr {F}}}_{N}}$$\end{document}$ entanglement flow in the entangled structure is the process of entanglement transmission in a large-scaled quantum entangled network *N*. Using the analytical model, we prove the conditions of seamless and seamless optimal entanglement transmission. The fluctuation of the entangled connections is derived via the Laplacian of the entangled structure, which is an important tool in spectral graph theory^[@CR141]--[@CR144]^.

The proposed analytical model also reveals the quantum supremacy (properties and attributes that are not available in a traditional internet) of the quantum Internet over the traditional internet. The proposed analytical solutions indicate that, for both weakly and strongly entangled structures, seamless optimal entanglement flow is always possible. Furthermore, the model revealed that an entangled structure can be transformed into a zero-fluctuation network via the establishment of a novel connection between the nodes, the result of which is proven via the use of spectral graph theory.

The novel contributions of our manuscript are as follows. Dynamics of the entangled network structures of the quantum Internet is quantified in a closed-form. The fundamental definitions and terms are provided, fundamental theorems proven for entangled quantum networks.We evaluate the stability of the entangled quantum networks of the quantum Internet and define the characteristics of weakly and strongly entangled structures.We prove the stable equilibrium states of weakly and strongly entangled structures and quantify them in an exact closed form. We study the effects of noise on the stable equilibrium states of entangled structures.We derive the fluctuation dynamics of entanglement transmission in the quantum Internet. Using the stable equilibrium states of entangled structures, we determine the conditions of seamless and seamless optimal entanglement flow in the quantum Internet.We quantify the maximally allowed fluctuations in entangled structures for the seamless and seamless optimal entanglement flow in the quantum Internet. We prove the conditions for the construction of an entangled network structure with zero fluctuations.This paper is organized as follows. Second section gives the basic terms and definitions. Third section  evaluates the dynamics and equilibrium states of entangled networks. Fourth section focuses on the dynamics of entanglement flow. Finally, fifth section concludes the results. [Supplementary Information](#MOESM1){ref-type="media"} is included in the Appendix.

Problem statement {#Sec2}
-----------------

The problems to be solved are as follows.

### Problem 1 {#FPar1}

*Evaluate and quantify the dynamics and stability of an entangled network structure in an exact closed form. Prove the equilibrium state and fluctuation dynamics of the entangled network structures of the quantum Internet. Determine the effects of noise on the equilibrium states of the entangled network.*

### Problem 2 {#FPar2}

*Prove the attributes of weakly and strongly entangled structures of the quantum Internet. Determine the stable equilibrium states of the entangled network structures for both noiseless and noisy cases and for both weakly and strongly entangled structures.*

### Problem 3 {#FPar3}

*Prove the dynamic effects of local entanglement purification in the quantum Internet.*

### Problem 4 {#FPar4}

*Prove the maximally allowed fluctuations in entangled structures for seamless entanglement flow in the quantum Internet.*

### Problem 5 {#FPar5}

*Determine the attributes of an entangled network structure that statistically leads to zero fluctuations.*

The resolutions to Problems [1](#FPar1){ref-type="sec"}--[5](#FPar5){ref-type="sec"} are proposed in the Theorems and Lemmas of the manuscript.

Preliminaries {#Sec3}
=============

This section briefly summarizes the basic terms and definitions. For further details, we suggest^[@CR28],[@CR128]^.

Entanglement fidelity {#Sec4}
---------------------
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                \begin{document}$$| \beta _{00} \rangle = { \frac{1}{\sqrt{2} }} \left( {\left| 00 \right\rangle } +{\left| 11 \right\rangle } \right)$$\end{document}$ be the target Bell state subject to be generated between distant nodes *A* and *B*^[@CR145]^. The entanglement fidelity *F* at a given shared system $\documentclass[12pt]{minimal}
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                \begin{document}$$F<1$$\end{document}$ for an imperfect state^[@CR28],[@CR145]^.

Entanglement levels {#Sec5}
-------------------

Let *V* refer to the nodes of an entangled quantum network *N*, which consists of a transmitter node $\documentclass[12pt]{minimal}
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                \begin{document}$$l=1$$\end{document}$ refers to a direct connection between *x* and *y* with no intermediate quantum repeaters^[@CR145]^.

Entanglement throughput, entanglement purification, entanglement swapping {#Sec6}
-------------------------------------------------------------------------

### Entanglement throughput {#Sec7}
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                \begin{document}$$E_{l} \left( x,y\right)$$\end{document}$ and the efficiency of entanglement swapping in the nodes). Practically, the entangled states are realized via Bell states in current implementations^[@CR145]^ (The $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathscr {N}}}$$\end{document}$. In a classical setting only classical correlations can be transmitted over a classical channel *N*, therefore the "bandwidth" in a traditional interpretation is related to the *C*(*N*) classical capacity of *N*.).

### Entanglement purification {#Sec8}
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                \begin{document}$$\begin{aligned} F\left( \rho \right) >F_0. \end{aligned}$$\end{document}$$For a detailed technical description of entanglement purification, we suggest^[@CR28]^.

### Entanglement swapping {#Sec9}

The entanglement swapping operation splices two short-distance Bell states into a longer-distance Bell pair via operations applied in an intermediate quantum node and via classical side information (i.e., a similar mechanism to quantum teleportation^[@CR28],[@CR145]^).

Definitions {#Sec10}
-----------

The dynamics terms utilized in the model are defined as follows. The aim of the definitions is to introduce the related quantities, the detailed definitions are given in the particular sections.

### Entanglement flow {#Sec11}

#### **Definition 1** {#FPar6}
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### Stability of the entangled quantum network {#Sec12}

#### **Definition 2** {#FPar7}
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### Equilibrium state of an entangled quantum network {#Sec13}
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**Stable equilibrium state**

#### **Definition 4** {#FPar9}
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### Average entanglement fidelity of an entanglement flow {#Sec14}
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### Average entanglement rate of an entanglement flow {#Sec15}
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### Average noise of an entanglement flow {#Sec16}
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### State of the quantum network {#Sec17}
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### Seamless property and optimality of an entanglement flow {#Sec18}

**Seamless entanglement flow**
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**Seamless optimal entanglement flow**

#### **Definition 6** {#FPar11}

(*Seamless optimal entanglement flow*) An $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathscr {F}}}_{N}$$\end{document}$ entanglement flow is seamless optimal, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathscr {F}}}_{N} ={{\mathscr {F}}}_{N}^{*}$$\end{document}$, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathscr {F}}}_{N}$$\end{document}$ is seamless, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathscr {F}}}_{N} =\tilde{{{\mathscr {F}}}}_{N}$$\end{document}$, and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} B_{F} \left( {{\mathscr {F}}}_{N} \right) \ge B'_{F} \left( {{\mathscr {S}}}^{*} \left( N\right) \right) , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B'_{F} \left( {{\mathscr {S}}}^{*} \left( N\right) \right)$$\end{document}$ is a lower bound on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_{F} \left( {{\mathscr {S}}}^{*} \left( N\right) \right)$$\end{document}$ in a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathscr {S}}}^{*} \left( N\right)$$\end{document}$ stable equilibrium state of *N*.

### Dynamics of the entangled structure {#Sec19}

**Weakly entangled quantum networks**
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**Strongly entangled quantum networks**

#### **Definition 8** {#FPar13}

(*Strongly entangled subnetwork of the entangled quantum network*) The $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathscr {S}}}_{N}$$\end{document}$ subnetwork of *N* is strongly entangled, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathscr {S}}}_{N}^{*}$$\end{document}$, if only$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} B_{F} \left( {{\mathscr {S}}}_{N}^{*} \right) \ge B_{F}^{*} \left( {{\mathscr {S}}}_{N}^{*} \right) , \end{aligned}$$\end{document}$$for a particular entanglement fidelity *F*.

**Cycle**

#### **Definition 9** {#FPar14}

A cycle *C* with cycle-time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{t}_{C}}={1}/{{{f}_{C}}} \sec$$\end{document}$ is set via an oscillator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O_{C}$$\end{document}$ with frequency $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{f}_{C}}={1}/{{{t}_{C}}}$$\end{document}$ in the quantum nodes used for synchronization of a quantum network.
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Dynamics and equilibrium states of entangled networks {#Sec20}
=====================================================

Stability of an entangled quantum network {#Sec21}
-----------------------------------------

### Theorem 1 {#FPar15}
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### Proof {#FPar16}

The proof is purely statististical, defines the stability function motivated by the terminology of free energy potential, showing how the network state evolves where a challenge is evaluating the Chapman--Kolmogorov equation, that will be defined in ([48](#Equ48){ref-type=""}).
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The formalization of ([14](#Equ14){ref-type=""}) is plausible model for the fluctuation dynamics analysis, since the entangled network structure formulates a macroscopic system with local interactions^[@CR125],[@CR126]^. In our analytical model, the local interactions are represented by a normalized value of the $\documentclass[12pt]{minimal}
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### Stable equilibrium state of the entangled network {#Sec22}

This section illustrates the results of Theorem [1](#FPar15){ref-type="sec"}.

**Noiseless scenarios** Here, the stable equilibrium states of the entangled structure are determined for $\documentclass[12pt]{minimal}
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A comparative analysis is included in Section A.1 of the [Supplementary Information](#MOESM1){ref-type="media"}.

Weakly and strongly entangled structures of the quantum Internet {#Sec23}
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### Theorem 2 {#FPar17}

(Weakly and strongly entangled subnetworks of the entangled network) *For a weakly entangled subnetwork* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathscr {S}}}'_{N}$$\end{document}$, *the* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F\left( {{\mathscr {S}}}'_{N} \right) =\left\{ F_{{{\mathscr {P}}}} \left( R_{i} \right) \right\} _{i=1}^{\left| {{\mathscr {S}}}'_{N} \right| }$$\end{document}$ *fidelities of the nodes of* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathscr {S}}}'_{N}$$\end{document}$ *are uncorrelated, while for a strongly entangled subnetwork* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathscr {S}}}_{N}^{*}$$\end{document}$, *the* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F\left( {{\mathscr {S}}}_{N}^{*} \right) =\left\{ F_{{{\mathscr {P}}}} \left( R_{i} \right) \right\} _{i=1}^{\left| {{\mathscr {S}}}_{N}^{*} \right| }$$\end{document}$ *fidelities of the nodes in* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathscr {S}}}_{N}^{*}$$\end{document}$ *are correlated.*

### Proof {#FPar18}
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### Weakly and strongly entangled structures {#Sec24}

In this section, the results are illustrated with entangled network structures.
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Impacts of noise on the equilibrium states of the entangled network {#Sec25}
-------------------------------------------------------------------

### Lemma 1 {#FPar19}
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### Proof {#FPar20}

The proof trivially follows form the formula of ([69](#Equ69){ref-type=""}).
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### Stable equilibrium states of the entangled structure at noise {#Sec26}

This section demonstrates the results for noisy scenarios.
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Corollaries {#Sec27}
-----------

The corollaries of the derivations are summarized in Corollaries [1](#FPar21){ref-type="sec"}, [3](#FPar23){ref-type="sec"}.

### Corollary 1 {#FPar21}
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### Corollary 2 {#FPar22}
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### Corollary 3 {#FPar23}
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Dynamics of a local entanglement purification {#Sec28}
---------------------------------------------

### Lemma 2 {#FPar24}

(Dynamics impacts of local entanglement purification in the quantum Internet) *The use of entanglement purification for the improvement of the entanglement fidelity only for a given subset of quantum nodes statistically decreases the total capability of the quantum network to improve the average fidelity of the network.*

### Proof {#FPar25}

To derive the proof via the statistical physics model, we construct a quantum repeater-level model, in the following manner.
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Entanglement flow dynamics {#Sec29}
==========================

This section derives the dynamics of optimal entanglement flow in the entangled structures of the quantum Internet at fluctuating entangled connections and quantum nodes. The derivations utilize the fundamentals of spectral graph theory^[@CR141]--[@CR143]^.

Theorem 3 {#FPar26}
---------
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Proof {#FPar27}
-----
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Additional results are included in Section A.3 of the [Supplementary Information](#MOESM1){ref-type="media"}.

Conclusions {#Sec30}
===========

The quantum Internet is an adequate answer to the computational power that becomes available via quantum computers. Here, we evaluated and quantified the dynamics of the entangled network structures of the quantum Internet. We proved the equilibrium states of entangled network structures and derived the effects of noise on the equilibrium states of the entangled network to provide stable quantum communications. We identified the attributes of weakly and strongly entangled structures of the quantum Internet and derived the dynamic effects of local entanglement purification in the global entangled structure of the quantum Internet. The model is independent of the actual physical implementations and it can be applied within the heterogeneous experimental structures of a global-scale quantum Internet.
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